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Abstract. In this paper, we establish sharp inequalities for four kinds of classical 
eigenvalues on a bounded domain of a Riemannian manifold. We also establish 
asymptotic formulas for the eigenvalues of the buckling and clamped plate problems. 
In addition, we give a negative answer to the Payne conjecture for the one-dimensional 
case. 



1. Introduction 

Let (Af , g) be an n-dimcnsional oriented Riemannian manifold, and let 17 C M be 
a bounded domain with C^-smooth boundary dil. We consider the following classical 
eigenvalue problems: 

(1. 1) 
(1. 2) 
(1. 3) 



(1. 4) 








in f2. 






on dft, 







in Q, 






on dfl, 


A^u - r^u = 


= 


in Q, 


?; — — — 




on (90, 


A^u + AAgU 


= 


in n, 



^ = on dft, 



where v denotes the outward unit normal vector to dfl, and is the Laplace-Beltrami 
operator that is given in local coordinates by the expression. 
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Here \g\ :— det{gij) is the determinant of the metric tensor, and g"^^ are the components 
of the inverse of the metric tensor g. 

(1.1) is the Neumann problem (see [7]); (1.2) is the Dirichlet problem (see [7] or [9]); 
(1.3) occurs in the treatment of the vibration problem for a clamped plate (see [5] and 
[34]). and (1.4) is the well-known buckhng problem for a clamped plate (see [7], [9], 
[27] . p8] or [34] )• In each of these cases, the spectrum is discrete and we arrange the 
eigenvalues in non-decreasing order (repeated according to multiplicity) 

= /ii < < • • • < A^fc < • • • ; 
< Ai < A2 < • • • < Afc < • • • ; 

Ai < A2 < • • • < Afc < • • • . 

The corresponding eigenfunctions are expressed as ui, W2, ^3, • ■ ■ ; wi, U2, 1x3, • • • ; Ui, 
U2, (73, and VFi, W2, W3, ■ ■ ■ . 

For any bounded domain f2 in (M,g), the variational formulation of the Neumann 
and Dirichlet eigenvalue problems (in terms of Raylcigh quotients, cf. Sect. VI. 1 of [S]) 
immediately implies the inequalities 

fj.k < Afc, fc = 1, 2, 3, • • • . 

Moreover, Polya [35] proved in 1952 that for C 

(1. 5) H2 < Ai, 

answering a question of Kornhauser and Stakgold [5(3] . In the case that is a bounded 
convex domain $7 C with a piecewise C^-smooth boundary, Payne [57] showed that 

(1.6) ^fc+2 < Afc, A; = 1,2,3,- • • . 
Levine and Weinberger [22] proved that 

(1.7) ^lk+n<Xk, /c = 1,2,3,- •• 

for smooth bounded convex domains fl C K" (cf. [3]), as well as 

(1.8) /ifc-+m < Afc, /c = 1,2,3, 1 < m < n 

for arbitrary bounded convex domains. In 1991, Friedlander |13j proved that 
(1. 9) /xfc < Afc.+i, fc= 1,2,3,--- 

when n C M" is a bounded domain with a C^-smooth boundary (Jfi. We also refer to 
Mazzeo [23 for an extension to certain smooth manifolds, and to Ashbaugh and Levine 
[5] and Hsu and Wang |17j for the case of subdomains of the n-sphere §" with a smooth 
boundary and nonnegative mean curvature. Finally, in 2004 Filonov [12j proved strict 
inequality 

(1. 10) Mfe+i < Afc (fc = 1,2,3,---). 

when n C M" is a domain with finite volume, and with the embedding W^'^{il.) ^ _L^(il) 
compact. 

In regard to the vibration problem of a clamped plate, Polya in [32j obtained that 

Afc<rfc, fc = 1,2,3,--- 
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for any bounded domain in M^. This rcsuh had actuaUy been improved to be 
(1. 11) Xk <Tk, fc = l,2,3,--- 

for bounded domain f2 C with smooth boundary by Weinstein j42j (which is referred as 
Weinstein's inequahty, see [13]). In [5], Ashbaugh and Laugesen obtained the inequahties 

(1.12) A? < A1A2 < AiAi < Ti < A^ 



Concerning the buckhng problem of a clamped plate, in 1937 Weinstein [42] proved 
the following strictly inequality 

(1. 13) Xk <Ak, 1,2,3,- ■■ 

for bounded domain f2 C M'^ with smooth boundary. Payne [27j in 1955 proved that for 
any bounded domain C with C^-smooth boundary 

(1. 14) A2 < Ai, 

solving a conjecture of Weinstein. In [27J, Payne further made the conjecture: 
(1. 15) Afe+i < Afe, for fc = 1,2,3,- •• 

Note that this conjecture remains open in M" (ji > 2); however, in this paper we give a 
negative answer to the Payne conjecture for the one-dimensional case (see Example 4.1). 



The first purpose of this paper is to prove: 

Theorem 1.1. Let {AI,g) he an n- dimensional oriented Riemannian manifold (n>2), 
and let Q, C M be a bounded domain with C^- smooth boundary. Then 

(1.16) iik<Xk<Tk<Ak for k^l, 2,3,- ■■ , 

where /ife, Xk, r| and Ak are the k-th eigenvalues of the Neumann, Dirichlet, clamped 
plate and buckling problems for the domain Q, respectively. 

We also show by some examples that in the Riemannian manifold setting, (|1. 16p are 
the best possible inequalities for these classical eigenvalue problems (see Remark 3.1). 

H. Weyl in 1912, was the first to establish asymptotic formulas in K" for the Dirichlet 
and Neumann eigenvalues (see [H] or [IS]): 

(1.17) A,^(2^)2(^j , k~.oo, 

(1.18) ^ (2^)2 (^-^ j , fc^oo, 

where LOn is the volume of the unit ball in M", and is the 71-dimensional Lebesgue 
measure of f2 means the ratio of the RHS to the LHS approaches 1 as fc ^ 00). In 
the case of two-dimensional Euclidean space, Pleijel [31] in 1950 given the asymptotic 
formula for the eigenvalues of a clamped plate based on a Carleman's method in [4] 
and [5- In 1967, Mckean and Singer [24] generalized Weyl's asymptotic formulas to a 
bounded domain of a Riemannian manifold by investigating asymptotic expansion of the 
trace of heat operator. 
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The second purpose of the paper is to estabUsh the asymptotic formulas for the eigen- 
values of the buckling and clamped plate problems on a Riemannian manifold. We have 
the following: 

Theorem 1.2. Let {M,g) he an n- dimensional Riemannian manifold, and let Q d M 
be a bounded domain with -smooth boundary. Then 

/ k \ 

(1. 19) Afc - {2nf — , as k-> +oo, 



UJn{vol{fl)) 



2/n 



(1. 20) Tk ~ {27ry , as k^+^, 

\LUn[V0l(il)) J 

where vol{fl) is the volume offl. 

Weyl's asymptotic formulas and Theorem 1.2 show that for general bounded domain 
with C^-smooth boundary in a Riemannian manifold, the four kinds of classical quantities 

fik, Afc, Ffe and have the same asymptotic behavior as A; — > +oo. 

The proof of Theorem 1.1 uses a key result (Lemma 2.1), which generalizes the classical 
Holmgren's uniqueness theorem (see |36| ) to the Rienannian manifold, and a technique of 
[T^ by which Filonov proved the inequalities (|1. lOp . In order to prove Theorem 1.2, we 
first consider the case of the Euclidean space and then obtain the version in Riemanniann 
manifold by applying metric expansion in normal coordinates system. The main method 
is to approximate 17 by a union of subdomains whose boundary are piecewise smooth 
that has been suitably contracted. We thus get a lower estimate for the counting function 
of the buckling eigenvalues if these subdomains are open, disjoint and lie inside f2. On 
the other hand, an upper estimate had been given in [SJ (see also p. 441 of [S]) by 
investigating the Neumann and Dirichlet eigenvalue problems. Thus the desired result is 
proved. 



2. Some lemmas 



The following several lemmas will be needed. 

Lemma 2.1. Let be a bounded domain with C^-smooth boundary in an n-dimensional 
Riemannian manifold (M,g), and let Q ^ u ^ WQ^'^(ri) n W'^''^{Vl) be a solution of (1-2). 
Then f^jg^j does not vanish identically on dVl. 

Proof. Let F{x, ^) be a fundamental solution for the Helmholtz operator Ag + A on M 
(i.e., F{x,£^) satisfying 

(2.1) (A, + A)F(a:,0=4(0, 

where Ag denotes the Laplace operator taken with respect to the variables ^, and 5x{^) 
is the Dirac (5-function. More precisely, (Ag + \)F{x,^) = with respect to ^ 7^ a; for 
any fixed x). For x € M, we choose the normal coordinates centered at x. Since F(x,£,) 
is singular at ^ — x we cut out from Q a geodesic ball B{x,e) contained in f2 with center 
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X, radius e > 0. From u G WQ''^{fl), wc find by tlie same argument as in Corollary 6.2.43 
of [ig that u = on dfl. Since AgF{x,() + XF{x,^) = in ^2 \ B{x,e), by Green's 
formula we obtain 



= / u{OiAgF{x,0 + \F{x,0)dVgiO 

Jn\B{x,€) 



n\B{x,e) Ja{n\B{x,<L)) civ^ 

F{x,0^dS,{£,)+\ I uiOF{x,OdV,{0 

d{n\B{x,e)) Jn\B(x,e) 

uio'-^ds,io^ f Fix,o'-^ds,iO 

d{n\B(x,e)) OV^ Jd(n\B(x,c)) "^l, 

<if-^dSM)~ I Fix,0'-^dS,i0 

dB{x,e} Cl'^i Jon 

F{x,0^dSgiO. 

dB{x,e) OV^ 

where dSg{S,) denotes the (n — l)-dimensional volume element, and denotes the 
derivative in the direction of the outward unit normal vector at ^. We now wish to 
evaluate the limits of the individual integrals in this formula for e ^ 0. On dB{x, e), we 
have F{x,£,) = Fi{e) + 0{e) since we have used the normal coordinates. From proof of 
Theorem 9.4 of [53], we know that for n > 2, 

(2.2) F,iz)^Foiz)[l + fiz)] + hiz) as|z|^0, 

where 



(2.3) ^^o(^)=<; "iVY", f'"'^^' 

[ 2¥ log 1^1 n = 2, 



f{z)^o{\zr) 



and 



const + 0(|zp) for n = 2, 

(2. 4) h{z) ^ { for odd n > 2, 

const X log(%/A|z|/2)[l + 0(|zp)] for even n > 2; 

here a;„, as before, denotes the volume of the unit ball in M", and the Odzp) terms are 
analytic functions of 

Under the normal coordinates, 

£. = 9(e, ^7) = exp^ er], 

e > 0, r] £ &x — {r] £ Mj;\\ri\ = 1}, about x. As discussed in Section III.l of the 
volume element dVg is given by 



dVg{q{e,r])) = y/\g{e,Tj)\ded^ix{r]), 

where dfix is the standard {n — l)-measure on and the (n — l)-dimensional volume 
element of dB{x, r) is given by 



dSg{q{e,ri)) = ^/g(7^dtix{r]). 
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The discussion of Sections III.l and XII. 8 of ^ shows that 

1. 



Since u € Vr^'^(f2), by applying local regularity of elliptic euqations (see, for example, 
Theorem A.2.1 of [19]) repeatedly, we get that u e Wi''^{B{x,e)) for aU j = 1, 2, 3, • • • , 
which implies u G C~(B(x,e)). It follows from (2.2) and (2.3) that for e 0, 

dB(x.e) Cliy^ 



< (nc^„e"-i+o(e"-i))|Fi(e) + 0(e)| sup \Vi 

B{x,e) 



0. 



Furthermore, 



aB{x,e) 



where 6(e) satisfies lime_>o nw^e 
(2. 5) uix) 



u{0'-^dS,{0 = +0(1)) IaBix,^^iOdS,{0 

= {ti:j:^ + bie) + 0(1)) Usix,.) ^iOdS.iO - u{x), 
"^^6(e) = 0. Altogether, we get 



F{x,0^dS,{0. 
on 



du 



Since u does not vanish identically in Vl, by the above formula we get that -q^\q^ 
not vanish identically on dVl. □ 



does 



Remark 2.2. (a) When is a bounded domain with C^'"-smooth boundary in a real 
analytic Riemannian manifold (M, g). Lemma 2.1 can be immediately proved as follows. 



Suppose by contradiction that u G iyQ''^(r2) n W'^''^{Vl) satisfies 



AgU + Aw = 
w = 0, f^=0 



in ri, 
on do.. 



Since the elliptic operator Ag + A has real analytic coefficients in local coordinates chart, 
it follows from Shauder's estimate (see, for example. Theorem 6.15 of 15J) that u G 
C^'°'{fl). Applying Holmgren's uniqueness theorem (see Theorem 2 of p. 42 in [36] or 
p. 433 of [10])) we obtain u = in SI. This contradicts the assumption that u does not 
vanish identically in SI. 

(b) When M = R", the proof of Lemma 2.1 is quite easy. Indeed, it follows form 
Rellich's formula for the Dirichlet eigenvalue (see [37]) that 

Sdn'^m=l{'dv) ^m^mdS 



A 



2 ^ u-^dx 



du I 



where v{x) = {vi{x),- ■ ■ ,Un{x)) with x £ dQ. Since A 7^ 0, we get that q^i^q 
vanish identically on dfl. 



cannot 



Lemma 2.3. Let [M,g) he an n- dimensional Riemannian manifold (n > 2), and let 
CZ M be a bounded domain with -smooth boundary. Then, for any t we have 

w^^^{n)nMr^{0}, 



where Mr = {u G W^'^iQ) n W^-^{n)\AgU + tu = m Q}. 
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Proof. Let v S Wo'^{n). It follows from Corollary 6.2.43 of [16] that 

— = on dn, for < j < -. 
diyi -■'2 

Thus, for any v G Wq''^{VL) n Mr, we have 

J AgU + TV — Q in rj, 

I w = 0, 1^ = on 

By applying Lemma 2.1, we get u = in 17. □ 

Denote by ctjv (respectively, an, crp and as) the spectra of the Neumann (respectively, 
the Dirichlet, the clamped plate and the buckling) problem for a bounded domain in 
Riemannian manifold (M, g) . Let 

7V(^)(t) = G TN\pik < t}, 7V(^)(t) = #{Afc G <7D\Xk < t}, 

N'^^Hr) = #{rl G ap\rk < t}, N^^^t) = #{Afc G asjAfc < r} 

be the counting functions of aN , , crp and ctb , respectively. Each eigenvalue is counted 
as many times as its multiplicity. 

Lemma 2.4. For any t we have 
(2. 6) 7VW(r) = max{dimL|L C W^^^{n), \Vgu\^dVg < t \u\^dVg, u G L}, 
(2. 7) iV('°)(T) = max{dimL|L C W^''^{VL), \Vgu\^dVg < t \u\^dVg, u G L}, 
(2. 8) iV(-^)(T) = max{dimL|L C Wq'^{VL), \Agu\^dVg < t \Vgu\^dVg, u G i}, 
(2. 9) iV(^)(T) max{dimi|L C VFo'^(f7), ^ jAgUpdV^,, < jwpdVg, m G L}, 

where V^w is i/ie gradient of u which has the expression in local coordinates 



Proof (i) The argument proving (|2. 6p and (|2. 7p is completely analogous to the one 
used in the Euclidean space (see or TT]). Actually, the formulas (|2. 6p and p. 7\ 
are known as Glazman's variational principle. 

(ii) For any fixed t, let Ai,--- , A^ be all the buckling eigenvalues that are not 
greater than r. Then the corresponding buckling eigenfunctions Wi, • • • , Wk span a k- 
dimensional linear subspace Sfc of W(^'^(il) (Suppose by contradiction that Wm — ciWi + 

\- Crn-lWm-l + Cm+lWm+l H hCfeVFfe for SOmC m, whcrC Ci • • • , C„„i, C™+1, • • • , Cfe 

are constants. Therefore, ■ (VT^m — J2i^m ^i'^ gWi)dVg = 0. Noticing that 

1 when i — j, 
when i ^ j, 

we obtain \ VgWm\dVg = 0, so that Wm is a constant in Q. In view of W'ml^f^ = we 
get that Wm = in fi, which is a contradiction). It suffices to prove that the right-hand 
side of ()2. 8|) is also k. If it is not this case, then there exists a. {k + l)-dimensional linear 
subspace Lk+i of '^(fi) such that 

(2. 10) / \Agu\^dVg<T [ \\/gu\^dVg forall ueLk+i- 



VgW^ ■ VWj dVg = 
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Thus, En Lk+1 7^ for any linear subspace E of VFg '■^(fi) with codim{E) = k. It follows 
from this and the variational formula 



Afc+i = sup inf ^ 

that Afc+i < r, which is a contradiction. Therefore (|2. 8p holds, 
(iii) The proof of (P7~g)l is similar to (ii). □ 

Lemma 2.5. Let [AI,g) he a Riemannian manifold, and let D, C M be a bounded 
domain with -smooth boundary. Suppose ili, ■ ■ ■ , f2,„ are pairwise disjoint domains in 
n, each of which has piecewise C^-smooth boundary. Arrange all the buckling eigenvalues 
of fli, ■ ■ ■ , flm in an increasing sequence 

(2. 11) A^ < a; < AJ < ••• 

with each eigenvalue repeated according to its multiplicity, and let 

Ai < A2 < A3 < • • • 
be the buckling eigenvalues for Q. Then we have for all fc = 1, 2, 3, • • • 
(2. 12) Afe < A^ 

Proof For j = 1,2, •• • ,k, let ijjj : ^ M" be a buckling eigenfunction of A* when 
restricted to the appropriate subdomain, and identically zero, otherwise. Obviously, 



n 



1 if i = j, 
ifz^j. 



Let Wi, ■ ■ ■ , Wfc-i be the buckling eigenfunctions corresponding to eigenvalues Ai, • • • , A^-^i, 
respectively, which satisfy 



Consider the functions / of the form 

k 

where / satisfies 

(2.13) y^P, [ {VgW,-Vg^J,)dVg^O, i = 1 , 2 , • • • , fc - 1 . 

If we think of /3i, • • • ,/3fe as unknowns and j^^iy gWi ■ ^gipj) dVg as given coefficients, 
then system has more unknowns than equations and a nontrivial solution of (j2. 13p must 
exist. Applying Green's formula and the definition of ijjj, we have 

iAg^,)iAglPj)dVg = ^ l/^, ( A ^ ) ^^^/g = - A ^ / M^glP,)dVg 

n Jn Jn 



A* if « = j, 

if ^ J. 
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Hence 



k 

Afe / \^J\^dVg< f |A,/|W, = ^A*/5|<A^ / \VJ\^dVg, 
Jn Jn Jn 



which imphes the desired result. □ 



3. Inequalities of eigenvalues 



Proof of Theorem 1.1. (i) We shall prove jik < Afc for all positive integer k. The proof 
is analogous to pL2^. For any fixed r, it follows from (|2. 7p of Lemma 2.4 that there exists 
a subspace F of Wo^'^(f^) such that dimF = N'^°\t) and 

/ \\IgU\^dVg <T [ \u\^dVg, U^F. 

Jn Jn 

Let u e FtlMr, where Mr = {v\AgV+Tv = in Q, and |^ = on dfl}. Since dil G C^, 
it follows from u G and the regularity of elliptic equations (see, for example, [I] or 
Theorem 8.12 of [H]) that u G W^^'^ifl). From u G Wg^'^ifl), we get that u = on dn, as 
mentioned earlier. This implies that u is also a Dirichlet eigenfunction with eigenvalue 
r. By Lemma 2.1, we get that ^ cannot vanish identically in fi, which contradicts the 
fact that 1^ = on dfl. Thus F ® Mr is a direct sum and we denote it by Gr. Let 
u + V G Gr d W^'^{Q), where u G F and v G Mr. We have 

f \Vg{u + v)\^dVg = f {\VgU\^ + \VgV\^+2VgU-VgV)dVg 

Jn Jn 

= I {\\/gU\' + |V,«P ~ 2u{t^gV)dVg 

Jn 

< T \u + v\^dVg, 
Jn 

so that 

N^^\t) > dim Gr = N^°\t) + dim Mr, 
Taking t = Afe, we have 

#{Mj e (T^l/ij < Afc} = Af(^'(Afc) - dim A/a, > iV(^)(Afe) = k. 
That is, ^A; < Afc. 

(ii) It follows from (|2. 9p of Lemma 2.4 that there exists a subspace Hr of W^Q'^(il) 
such that dim Hr = iV^^)(r) and 

/ \Agw\^dVg <T^ I \w\^dVg, ^ w G H r ■ 
Jn Jn 

Let Kr = {v\/\gV + TV ~ in il, and u = on dil}, and let u G Hr n Kr. Since 
u G Hr d VKo'^(^^), we find by Corollary 6.2.43 of [TB] that u = = on 
Lemma 2.1 implies that u = in 17, therefore, the sum Gr ■= Hr ^ Kr is direct. Let 
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u — w + V Cz Gt, where w G Ht, v G Kr- It follows from Green's formula and Schwarz's 
inequality that for w ^ 0, 



From this and the definition of Hr, we get 



Note that 



and 



/ \WgW\^dVg <T f \w\^dVg. 

Jn JQ 

[ \VgvfdVg = T [ \vfdVg, for veKr 
Jn Jn 

\7 gW ■ \/ gV dVg — / w{AgV)dVg — T / W V dVg . 



Therefore, for any u — w + v Cz we have 



\\7giw + v)\''dVg = [ {\VgW\^ + \VgV\'' +2VgWVgV)dVg 

Jn 

< T \w + v\'^dVg. 
Jn 

For = li; G iJr, there is equality in the above inequality. It follows that 

N^^^t) > dim Gr = N^^\t) + dim K^. 
By taking r = Fj., we obtain 

#{A, e aolXj < Ffc} = iV(^)(Ffc) - dim Kr, > N^^^^Tk) = k, 
Hence Xk < Tk- 

(iii) For fixed r > 0, (|2. 8\i of Lemma 2.4 implies that there exists a subspace Lt of 
W^'^{n) such that dimi^ = M^^t) and 



/ \AgW\^dVg <T \WgW\^dVg, W E Lr- 

Jn Jn 



Denote Jr = {w|Agi; — r^w = in fi, and = ^ = on dVL\, and put Gr — Lr + Jt- 
We shall prove Lr Ci Jr = {0}. Suppose that u E Lr Ci Jr- Then, in view of u = 
on 90 we get that V^u and AgU don't vanish identically in il. It follows from Green's 
formula and Schwarz's inequality that for any u € W(^'^(ri), 



(3. 1) / \VgU\'dVg = - / u{AgU)dVg < / \u\' dVg / \ A gU\^ dVg 

Jn Jn \Jn J \Jn 



I.e., 



L \^A^dVg ^ nn\^gU\HVg X 
LV?dVg -\\^\VgU\UVg) 



(3. 2) ■^"j-":' < ( ) , e Wo'''(o). 



Note that 



(3. 3) 7' < r, V G 
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and 



2 In \^9^?dVg 



(3.4) ^ - f I ' yueJr. 

Jn m dVg 

Therefore, Schwarz's inequality in (3.1) is an equality, which implies there exists a con- 
stant (3 such that Agit + /3u = in il. Since m = on dfl, it follows that /? > and u is 
a Dirichlet eigenfunction. Thus, we find by f^j^^ = and Lemma 2.1 that u = in Q. 
This shows that the sum Jr is direct (we still denote the direct sum by Gr)- For 
any u = w + v ^ Gr C M^q '^(fi), where w € L^, v G Jr, we have 



(3.5) I \Ag{w + v)\^dVg = l^[\A,wf + \Agv\' + 2w{Alv)]dV, 

{\AgW\^ + \AgV\^ + 2T^WV)dVg. 



By (I57~^ — ([?7~5)) . we arrive at 

/ \Ag{w + v)\^dVg<T^ [ \w + v\UVg. 

Jn Jn 

This implies that 

N^^\t) > dimG^ = iV(-^)(T) +dim J^, 



I.e., 

7V(^)(t) -dimJ^ > N^^\t). 
Setting T — Ak, we see that 

#{r2 G ap|r, < Afc} = 7V(^)(Afc) - dim Ja, > ^(^'(A^) = fc, 
that is, Tk < Afe. □ 

Remark 3.1. (i) For a bounded domain of a Riemannian manifold, Mazzeo [23] had 
showed that 

(3.6) /Xfc<Afc, fc=l,2,3,---. 

(Actually, Nazzeo proved that inequalities /ifc+i < Afc when M is a Riemannian symmetric 
space of noncompact type). Therefore, the strict inequalities 

(3.7) ^ik<Xk, fc= 1,2,3,- •• 

is an improvement of Mazzeo's result in the general Riemannian manifold. The following 
example shows inequalities p. 7p cannot be improved such that fj,k+i < Xk holds for 
fc = 1, 2, 3, • • • . In fact, for the spherical cap of radius 6 > ^ on the sphere of radius 1 in 
M", one has H2{^) > Ai(r2) (see. Theorem 3 of p. 44 in [7J). This fact was also pointed 
out by Mazzeo in [23l . Therefore our strict inequalities p. 7p are sharp, 
(ii) The inequalities 

(3. 8) Xk <Tk, for = 1,2,3,--- 

are a generalization of Weinstein's inequality to n-dimensional Rienannian manifold. 
Here our proof is completely different from that of [42] . The inequalities (|3. 8p cannot 
be improved to be A^+i < Tk for k = 1, 2, 3, • • • . Indeed, let be the unit disk {x G 
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M^||a;| < 1}. Denote by Jmir) the Bessel function of order m and by jm its Z-th positive 
zero. Then the Dirichlet eigenfunctions are 



and the corresponding eigenvalues are = Uln')^. Thus Xi{n) « (2.4048)2, x^in) = 
Xsin) « (3.832)2. follows from p.231 of [34| that Ti^n) « (3.1962)^ (where 3.1962 • • • 
is the first zero of Jo(r)/i (r) + Ji (r)/o(r), r > 0, and/m(r) is the modified Bessel function 
of order m). This means that X2{^) > ri(ri). 

(iii) For k = 2, 3, 4, • • • , our inequalities Tk < {k = 2, 3, 4, • • • ) are completely 
new even for the case M = M". It is also sharp since it cannot be improved such that 
Tk+i < Afe holds for A: = 1, 2, 3, • • • . In fact, let Q ^ {x e R'^\\x\ < 1}. Then we claim 
that r2(ri) > Ai(ri). Suppose by contradiction that r2(ri) < Ai(ri). It follows from 
Theorem 1.1 that A2(51) < r2(ri). Thus we get X2{fl) < Ai(ri). However, for the unit 
disk n, it must be X2{fl) = (3.832)^. This is a contradiction, and the claim is 

verified. 



4. Asymptotic formula for the buckling eigenvalues in W' 
First, we consider the one-dimensional buckling problem: 





(4. 1) u""{x) + Ku"{x) =0, Q<x<L, 

(4.2) u(0) = u(L) = 0, m'(0) = M'(i) = 0. 

It is easy to check that the general solution of (4.1) is 



u{x) = Ci + C2X + C3 cos a/a a; + C4 sin \/Aa;. 



The boundary conditions yield the following equations for the coefficients: 




In order that this system of equations has a nontrivial solution, \/A must satisfy 



v^L „ . VAL ^/KL 
— - — 2sin — vALcos — - — = 0. 



2 2 2 



From the equation sin 



2 



— 0, we obtain that 




k 



and the associated eigenfunctions are 



2kTT 

ui,fc(L, x) = 1- cos — — X, 



k = 



1,2,3,--- ; 
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From the equation 2 sin — \/A i cos = 0, we get that 

Val Val 

(4. 3) tan-— = -— . 



If we denote by {•y/A2,fc(i) |fc — 1, 2, 3, • • • } all the positive roots of ()4. 3p . then 

/r \ , , ^/A2,fc(i^)sin(£^A2,fc(£)) r — — 
U2AL,x) = 1 + ^ I X ~ cos{ J A2, k{L) x) 

cos( r, / Ao ,..( — 1 V 



<LyAlI(I)) - 1 



sin(L y/Az.fcCL . r — 
rr /A ^^^^ 7 sm WAa.fc L a;) 

is the buckling eigenfunction corresponding to the eigenvalue A2,fe(£). By solving the 
system of equations 

' y = x 

y — tan x , 

we find that ^ < ./A^J(L) < iH^i+lllL for all A: = 1, 2, 3, • • • . 

Example 4.1. From the above argument, we obtain all the buckling eigenvalues for 
the interval [0,L]: 

(4.4) ^i=(^y) ' A2-A2,i(L), ^^=[y) ' A4 = A2,2(L), 

A simple calculation shows that the Dirichlet eigenvalues for the interval [0, L] are 



(4.5) Ar^(-j , A2^^-j , A3^^-j , A. = ^- 

and the corresponding Dirichlet eigenfunctions are Ufe(a;) = sin (■^^) , fc = 1, 2, 3, • • • . 

Recall that A2^i(L) < (^)^, i.e., A2 < A3. This shows that the Payne conjecture is not 
true for the one-dimensional case. 

Theorem 4.2. Let fl be a bounded domain in M" with C^-smooth boundary. Then, 

(4.6) Ar(^)(r) = (27r)""tj„|f7|W2 (1 + 0(1)) as t -> +00. 

Proof. We give the proof for n — 2 only, indicating at its conclusion how it can be 
augmented to yield the n-dimensional case. 

(i) Let Q = [0, a] x [0, b] be a rectangle in M? . Let us consider the buckling eigenvalue 
problem on Q: 



A^u + AAu 0, in Q, 
M = = 0, on dQ. 

It is easy to check that the buckling eigenvalues are 

+ ^+A2,,„(6), 

A2,i(«) + ^^, A2,i(a)+A2,™(6), 
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and the corresponding eigenfunctions — up to a normalizing factor — are respectively 

21tt 2m7r 

(1 — cos x){l — cos — - — y); 

a b 



2Z7r / ^A2,,n(&) sin(VA2,„,.(6)) r — 

1 - cos X 1 + — y - cos 6 y) 

a \ cos(6v/A2,™(fo)) - 1 ^ 

sin(b^A2,„,(b)) . r — A 
cos(6^A2.™ 5 - 1 V / 



— ^ X — cos \ 1V2 i(a) x) ; sml \/A2 i(a) x) 

cos(a^A2,,(a))-l ^ cos(a^A2,i (a))-l ^ ^ ^.'V ; ; 

x(l-C0s222ILy); 

1 + a/^^-WoVCT )) _ eos(yA77(^ a;) - sin(yA;7H x) 

-v/A-2.m(b) sin(6^A2,™(b)) , at 777- ^ sin(b->/A2,,„ (b)) . , /t 777- ^ 

' cos(bVA., J(b))-1 ^ ~ ^^<V^2,m{b) y) - ,,3(bVA..^(b))-l ^"^( V A2.„. (6) V) 

for all /, m = 1, 2, 3, • • • . 

If the number of the buckling eigenvalues for no greater than a bound r is again 
denoted by N^^^t), then N^^Ht) = n[^\t) + N^^\t) + N^3^\t) + N^^^\t), where 



Ni""^ (r) = m, ^)\^ + ^ <r, / = 1, 2, • 

N^'^Hr) = #{{l,m)\^+A2,^{b) < r, 1 = 1,2, 

A^f = #{(;,m)|A2,(a) + ^^Z^ < r, ^ = 1,2, 

^f^M "^)|A2,i(a)+ A2,™(6) <T, / = 1,2 



;to= 1,2,---}; 
;to= 1,2,---}; 
;to= 1,2,---}; 
• ;m = 1,2,---}. 



(r) is precisely the number of integral solutions of the inequality 

here Z > 0, to > 0. For sufficiently large t, the ratio of the area of this sector to the 
number of lattice points {(2Z,2m)} contained in it is arbitrarily close to 4. Indeed, for 
each lattice point (2Z,2to), we associate with it a square of length 2 of each side such 
that the lattice point is the upper-right corner of the square. Then, the region consisting 
of these squares is contained in this sector of the ellipse; if we add more squares with the 
side length 2 through which the ellipse passes (we denote the number by R{t)), then the 
region formed by all the squares contains the sector of the ellipse. Thus, we get 

(4. 7) m[^\T) < T— < AN[^\t) + AR{t). 

47r 

As in p. 431 of [9J, R(t) — 1 is not greater than the arc length of the quarter ellipse, and 
this increases only with (max{a, b})y/T (Actually, the arc length of the quarter ellipse is 



a2-b2 



cos^ tdt if a > b). Therefore, we have the asymptotic formula 
hm ^ = ^. 
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More precisely, we can write 

(4. 8) n[''\t) = -^r + 0ici(max{a,6})V^, 

where Ci is a constant independent of r, and — 1 < < 1. 

Next, we shall estimate N^^\t). Recah that < A2,™(6) < ( iHlIi+llZLj^ 

m = 1, 2, 3, • • • . Then, we have that 

iVf)(r)>#(a,™)|i^+(^^<^, / = l,2,...;.n.l,2,.. 
1^ ' 0^ TT^ 

Similar to the argument for ' (r) , the ratio of the area of this sector to the number of 
lattice points {{21, 2(rn + 1))} contained in it is arbitrarily close to 4 for sufficiently large 
T. In fact, if a square with the side length 2 lying below and to the left of each lattice 
point is associated with it, then the region composed of these squares is contained in this 
sector of the ellipse. Thus, we get 

4ivf)(T)+r(T)+4i?(r) >r^, 

where R{t) is as before, and T(t) is the number of the unit squares (in this sector) 
whose bottom sides lie in the x-axis. Obviously, T(t) < a^/T. Therefore, we have the 
asymptotic relation 

lim — ^ > . 

T^oo r IGtt 

In other words, we can write 

(4. 9) TVf V) > + ^2C2(max{a, b})^, 

where C2 is a constant independent of r, and — 1 < 02 < 1- With the similar argument 
as before, we can get 

(4. 10) ivi^^W > -^r + 0,c,(max{a,5})V^, for z = 3,4. 

It follows from (|4~8l) — (|4. lOp that 

(4. 11) N^^\t) >^t + 6»c(max{a, 5})V7. 

47r 

(ii) Let f2 be a domain which may be decomposed into a finite number, say h, of 
squares Qi, Q2, • • • , Qh (or 71-dimensional cubes in the case of n independent variables) 
of side a. Such domains will be called square-domains (or n-dimensional cube-domains). 
The area of H. is then \ — ha^ (or its 71-dimensional volume is \ = ha"'). We consider 
the buckling problem for the domain Q. From the previous argument, we have 

2 

(4. 12) 7Vg)(T) > + e,c,a,V^, j = 1, 2, • • • , /z, 

where Nq ' (r) is the number of the buckling eigenvalues less than or equal to r for the 
subsquare Qj. It follows from Lemma 2.5 that for the square-domain, the /c-th buckling 
eigenvalue for the domain is at most equal to the fc-th number in the sequence 
consisting of all the eigenvalues of the subdomains Qj (ordered according to increasing 
magnitude and taken with their respective multiplicity). Therefore we have 

(4. 13) iV(^)(r)>iv(f (r) + ... + 7vg;\r). 
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where (r) is the number of the buckhng eigenvalues less than or equal to t for the 
domain Q. Since the number N^\t) have the form given by inequalities (j4. 12p . we get 

(4. 14) 7V(^)(r) > + ec\dn\^, 

Ait 

where — 1 < < 1 and c is a constant independent of r. 

If there are n independent variables instead of two, the preceding discussion is still 
valid expect for the expressions Nq^ (r) . It is easy to see that 

^(B) ^ 1 + , j = 1, 2, . . . , /i. 

where a;„ is the volume of the unit ball in R". This implies that for an n-dimensional 
polyhedron of volume \^\ consisting of a finite number h of congruent cubes, we have 

(4. 15) 7V(^)(r) > ""|y +^c|c)17rV"^. 

where — 1 < < 1 and c is a constant independent of t. 

(iii) We now consider the buckling problem for arbitrary bounded domain with C^- 
smooth boundary. With the above argument, it is possible to obtain a lower bound for 
iV(^)(r). 

Suppose the plane is partitioned into squares of side a, inducing a decomposition of 
the domain Q, into h squares Qi, Q2, ■ ■ ■ , Qh and r boundary domains Gi, G2, • • • , Gr- 
it follows from Lemma 2.5 that 

(4. 16) iV(^)(r)>iV(f (r) + iV(f (r) + ... + 7Vg;)(r); 

furthermore, by (|4. 12p we have 

ha"^ „ , ^ / ha^ 9cha 



47r 



(4. 17) 7Vg'(T) + . . . + N^qI\t) >^r + echaVT = r 

where, as before, — 1 < < 1 and c is a constant independent of a and t. 
By applying (|1. 16p of Theorem 1.1 we obtain that 

(4.18) M^\t)>N'^°\t)>N'^p\t)>N''^\t), for any t. 

On the other hand, for the same partition of the domain il, it follows from p. 441 of 
that 

N^^Hr) < <^(r)+<Hr) + ...+<)(r)+<)(,) + ... + ^W(,) 
(4. 19) < t\(—+ 9[c'raA + (e'c[ha + e[c'ra)^ 

_ V 47r / y^T 

where Nq''^ (t) and Nj^^"^ (t) are the numbers of the Neumann eigenvalues less than or 
equal to r for Qj and Gj, respectively. From (|4. 16p — (|4. 19p . we obtain 

(4. 20) r [(^ + 9[c',ra'^ + {O'^c'^ha + e[c'^ra)^ 

> 7V(^)(t) > iV(-P)(T) > N^-^\t) > r + ^ 
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Note that ar < c. Hence, for sufficiently small a, we see that a^r and \ha^ — are 
arbitrarily small. It follows from these inequalities that 

lim ^Triy'^^H-r) _ 47rjV(P)(T) _ ^.^ 47rA^(^)(r) _ ^ 
T^oo T|f2| r-^oo r|ri| T^oo r|ri| 

since we may take a sufficiently small fixed a (the quantity a can be arbitrarily chosen) 
such that the factor of r in (|4. 20p arbitrarily close to the value |il|/47r for sufficiently 
large t. 

(iv) With the similar way as for the plane, we can get the desired result for the 
buckling eigenvalues in the n-dimensional case. □ 



5. Asymptotic formulas in Riemannian manifolds 



Theorem 5.1. Let [M,g) he an n-dimensional Riemannian manifold, and let Q G M 
be a bounded domain with C'^ -smooth boundary. Then, 

(5. 1) M^\t) - (27r)-"t^„(W(f^))T"/2 as +oo, 

as T —f +CX). 



Proof. For any xq € M, we consider a geodesic, normal coordinates system at xo- Under 
the normal coordinates one can expand the metric as follows: 

1 " 

9ij = % - 3 H R^kjix'^x^ + 0{\x\^) 

k,l = l 

and 

n 

V^det(5,,) = 1 - g ^ Ru^'x^ + 0{\x\^), 

ij = l 

where Rikji and Rij are, respectively, the components of the curvature tensor and Ricci 
tensor associated with g; this is accomplished by applying the exponential map to the 
tangent space at to obtain coordinates on a patch and then fixing things up outside 
(see [33], P-59 of [S] or Chapter 10 of 0). We let B^„{g) be the baU on which this 
coordinates system is defined. We can choose g sufRciently small such that in Bxaio), 
the eigenvalues of gij and g^^ are between (1 + e(gi))^^ and (1 + e(p)), and furthermore 

dVg — ^Jdei{gij) dx where (l + ({q)) ^ < \Jdci{gij) < (l + £(£»)). Here e(g) is a positive 
function of variable g, and e{g) as p — )■ 0. Let N be any compact sub-manifold in 
M with 

(5. 3) Rcg > -c on N, 

where c is a positive constant. The classical Bochner-Lichnerowicz-Weitzenbock formula 
(see [21]) reads 

/ \\/lu\^dVg= [ \Agu\^dVg~ [ Rcg {\/ u , V u) dVg foY Siuy u & {N) , 
Jn Jn jn 
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where |VgUp is defined in an invariant ways as 

Together with (|5. 3p . it impUes that 

/ \\7lufdVg< I \AgufdVg+cf 

JN JN Jn 

Denote by IBo(p) the ball of R" with the center and radius g > 0, and denote by Aw 
and Vu the usual the Laplacian and gradient of u in M". Passing in the coordinates 
system, we find by a similar way as in p. 135 of |10| that 

(Agu)2 < (Am)2 + e{g)\V^u\^ + i{g)\\/u\^, for u e C^(IBo(e)) 

where e{g) — s- as — ^ 0, while by the Bochner-Lichnerowicz-Weitzenbock formula, 



[ \V^u\^dx= [ {Aufdx. 



Note that for any u e C^(Mo{g)), 



> [ (l + e(g))-2|Vw|2dx. 
Thus, we have that for any u S Co(Bo(g)), 

We may always assume g is small enough such that Ai(Bo(£')) > 1, where Ai(Bo(^))) is 
the first Dirichlet eigenvalue for Bo(f)). Since the geodesic open balls {B^g{g)\xQ £ AI} 
cover Cl, it follows from Lebesgue's lemma (see, for example. Theorem 6.27 of [3S]) that 
there exists a constant 7 > such that if any subdomain G C f2 satisfies diamiG) < 7, 
then G must be contained in some Bxa{g). Let us part the domain O into h subdomains 
Gi, G2, ■ • • , G/t with piecewise G^-smooth boundaries such that diam{Gj) < 7, 1 < J < 
h. It follows from Lemma 2.5 that the fc-th buckling eigenvalue Ak for the domain is not 
greater than the fc-th number in the sequence consisting of all the buckling eigenvalues 
of the subdomains Gj (arranged according to increasing magnitude and taken with their 
respective multiplicity). Thus, we have 

(5. 5) 7V(^)(r)>4f (r)+4f (r) + ... + 7V(,^)(r), 

where M^^t) and iV^^V) 

are the numbers of the buckling eigenvalues less than or 
equal to r for Q and Gj , respectively. For each subdomain Gj , we take a point pj € Gj 
such that G'j C Bo(£i), where G^ = {x' £ ]R"|x' = Exp~^a;, x £ Gj}. Therefore, under 

normal coordinates at pj, the inequality (|5. 4p holds for any u £ VFq '^(G^ ). This implies 
that 

(5. 6) Ak{G,)<{l + e{g)f{l + i{g))Ak{Gr) + il + e{g)fe{g), A; - 1, 2, 3, • • ■ . 
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By Theorem 1.1 and the Faber-Krahn inequahty (see, for example, Theorem 2 of p. 87 in 
[7]), we have 

Afc(G;.) > Ai(g;.) > Ai(g;.) > xMq)) > i, i<j<h. 

It foUows from this and ()5. 6p that 

Afe(Gj) < (l + e(e))'(l + 2?(e))Afe(G;-), j = 1, 2, • • • , /i, fc=l,2,3,---, 
so that 

(5.7) <^(^)>A-g^( (,^,(^)):(,^,,(^)) )^ .-1,2,...,.. 
By Theorem 4.2, we have that 

T \ 

(1 + o(l)) as T ^ CXD. 



It foUows from ([57~5)) . ((5^ and ((57~g|) that, as r ^ +oo, 



h , ^ ri/2 



> (2.)-v,.i:ic;i(^^^,^-^-^^,^j^^j ,i + „(i)). 



Recall that dVg = ^/det{g^dx with (1 + e{g)) ^ < y^det{gij) < (1 + £(£»))• We have 
{l + eig)y'\Gr\<voliG,) < (l + e(g)) |G;-|, 

so that 



h h 
, -1 ■ 



> (l + e(e))"'^(volG,) 
= (l + e(e))-'(vol(f^)). 

This implies that 

(5.9) 7V(^)(r) > (2^)-"c^„(l + e(e))"'(vol(f})) 

n/2 

(1 + o(l)) as T OO. 



(1+6(^,))2(1 + 26(e)) 



Hence 



(5. 10) lim ,\ ' > (2^)-"o.„(vol(r!)). 

For, we may choose the quantity g arbitrarily, and by taking a sufficiently small fixed 
g, make the factor of r"/'^ in (|5. 9p arbitrarily close to (27r)~"ci;„(vol(f7)) for sufhciently 
large r. 
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On the other hand, it foUows from (6) of ^24j that, for the bounded domain in 
Riemannian manifold {M,g), 



(5. 11) 



J2 e^'^" = (47ri) 



-n/2 



fc=l 



1 



vol(f7) + ^V^nt {Yol{dn)) 



dn 



J dSg + o 



(^3/2) 



where R is the scalar curvature at a point of M, and J the mean curvature at a point of 
dfl. From (|5. lip , we have 

/•oo 

/ e-*^dA^(^)(T) = V e-*^'^ - (47rt)-"/2(vol(f])), as t ^ 0, 
•^0- k=l 

where N^^^t) is the number of the Neumann eigenvalues less than or equal to r 
for Q, and Jp°^ e^^'^dA^'^^-' (r) is the Riemann-Stieltjes integral on [0, +oo) (Note that 
Jo- e-*^diV(^)(r) means \ims^Q+ J^^e-'^'dM^^T)). It follows from Proposition 3.2 of 
p. 89 in 41J that 



I.e. 



(5. 12) 



iV(^)(T) - (27r)-"cj„(vol(f]))T"/2 
ArW(r) 



as r — > oo, 



lim 



27r)-"w„(vol(0)), 



By (1.16) of Theorem 1.1, we have that 

(5. 13) iV(^) (r) > A^(-°) (r) > TV^^^ (r) > TV^^) (r), for any 

It follows from ((5~T0ll . ((5~T2| and ((5~T3)) that 



(5. 14) 



lim 

r — *oo 7" 



7V(^)(r) 



n/2 



lim 



T — ►CJO 7- 



n/2 



lim 



7V(^)(7 



r — >oo 7- 



n/2 



= lim -4^ = (27r)-"cj„(vol(f7)). 



r — >oo 7- 



i/2 



□ 



Remark 5.2. (i) For the Dirichlet and Neumann eigenvalue problems, Seeley [38] 
and Pham [30] showed that if C K" is a bounded domain with C°°-smooth boundary, 
then the following sharp remainder estimate holds: 

Ar(^)(r) = (27r)-"w„|f]|r"/2(l + 0(r"^)), as r -> 00. 

In [38], Seeley used the method of hyperbolic equations which is the most precise of 
the known Tauberian methods. Seeley in [39j has generalized the above result to n- 
dimensional Riemannian manifolds. 

(it) For the Dirichlet and Neumann eigenvalues of a bounded domain in a smooth 
Riemannian manifold M, Ivrii (see [T^) has established: 

(5. 15) N^{t) ^ (27r)-"w„ • vol(r2) • t"/^ ± i(27r)-"+icj„_i • vol{dn) ■ r("-i)/2 

+o(t("-i)/2)^ as t ^ +00, 
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under an additional assumption (roughly, that the set of "multiply reflected periodic 
geodesies in is of measure zero"), where N~^{t) and N^{t) denote the counting func- 
tions of (Tat and ao, respectively. Melrose '26 independently obtained the same asymp- 
totic estimate (j5. ISp for Riemannian manifolds with concave boundary. However, Ivrii's 
method is no longer valid for the buckling and the clamped eigenvalues. 

Proof of Theorem 1.2. Taking t = in Theorem 5.1, we immediately obtain the 
conclusion of the theorem. □ 
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